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Abstract 

Let G denote a simple algebraic group of rank I over an algebraically closed field K of 
positive characteristic p. Let g = Lie(G) and choose x <E g. In this paper we give explicit 
presentations for the invariant subalgebras S(g x ) x and S(g x ) Bm when G is of type A or C. In 
particular, S(g x ) G:c is shown to be graded polynomial in I variables and S(g x ) Bx to be the tensor 
product of S(g x ) Gx with S(g x ) p over their intersection. When G is of type B or D we have 
gi m (K) = g © W where m is the dimension of the natural representation for g and W is a g- 
module. In case x is nilpotent with associated partition A we show that S(W X ) is polynomial 
on (m + |{i : Aj odd}|)/2 variables, and that S(W x ) Bx is the tensor product of S(W X ) P with 
S(W X ) G * over their intersection. 

For types A and C we go on to give an analogous description of the centre of the enveloping 
algebra Z(g x ), and use this to confirm the first Kac-Weisfieler conjecture for g x . As an immediate 
consequence we are able to give an algebraic characterisation of the singular points on the 
Zassenhaus variety SpecmZ(g :E ). 

1 Introduction 

Let N £ N. Throughout this paper K shall denote an algebraically closed field of characteristic 
p > and G shall always denote GLn(K), which acts by conjugation on g = Lie(G) = g[jy(K). 
Then the conjugacy classes of nilpotent elements in g lie in one to one correspondence with ordered 
partitions of N: to a partition A = (Ai, A n ) of N with Ai > • • • > A n we associate the G-orbit of 
the nilpotent element in Jordan normal form with Jordan block sizes Ai , . . . , A n . From henceforth we 
fix a nilpotent element e E g with associated partition A of length n, ordered as above. Both G and 
g act naturally onV = K N which decomposes uniquely into minimal e-stable spaces V = ®f =1 V[i] 
where dim(V[i]) = Aj. We shall refer to the V[i] as Jordan block spaces. Let G e and g e denote the 
stabaliser and centraliser of e in G and g respectively and let g* denote the dual space. Thanks to 
[Hum], proposition 10.6 we can identify g e with Lie(G e ). 

Let (•, •) : V V i— > K be a non-degenerate bilinear form fulfilling (u, v) = e(v, u) where e = ±1. 
Let K denote the set of those g € G preserving (•,•)• If e = 1 then K is an orthogonal group and 
if e = —1 then K is a symplectic group. Unless otherwise stated whenever we discuss classical 
subgroups of G the characteristic of IK shall be p > 2. Choose any basis for V and let J be the 
matrix associated to (•, •). There is a Lie algebra automorphism a : g h- >• g of order 2 taking X € g to 
— J~ 1 X T J which is independent of our choice of basis (here X T denotes the transpose of X). Then 
a induces a ^-grading g = go ©gi where t = go is an orthogonal algebra when e = 1, or symplectic 
algebra when e = — 1. Furthermore gi is a t- module. When we discuss these classical subalgebras 
we assume that e is an element of t. In this case a induces a similar ^-grading g e = t e © (g e )i 



where (fl e )i = (fll)e is a t e -submodule. We have a similar decomposition g* = t* (g e )i- Thanks 
to |A0| . theorems 2.5&2.6 we may identify t e with Lie(-?T e ). 

We shall use the above notations for making explicit calculations however it shall be convenient 
to unify notation occasionally. We let A denote a simple algebraic group of type A or C of rank I 
over K with L = Lie(*4) and x G C. Let K[£*] denote the algebra of polynomial functions on £*. 
It is an /^-module, with A x acting by K-algebra automorphisms and C x acting by derivations. We 
shall refer to = {f p ■ f G K[£*]} as the p th power subalgebra of We now state our 

first main theorem. 

Theorem 1. If A is simple of rank I, of type A or C and x G C then 



1. 




\C X 


is free of rank p l over K[£*] p ; 


2. 


K[C* X 




is a polynomial algebra on I generators 


3. 


K[£* x . 


\Cx 


^K[£Zr® mc%]P)A K[jr* x ) A *. 



If A is simple of type A or C and s G C is semisimple then A s is reductive of rank I, with simple 
factors of types A and C. Therefore the above theorem reduces to the case x nilpotent. We shall 
discuss some related results. In [PPY] Premet formulated the following conjecture: Let A be a 
reductive group of rank I over an algebraically closed field of characteristic and C = Lie(A). For 
any element x G C the invariant algebra K[£*] x is graded polynomial on I generators. As noted 
above the conjecture has a straightforward reduction to the case C simple, x nilpotent and so part 
2 of theorem [T] is a suitable analogue of the above conjecture for characteristic p > 0. The methods 
of [PPY] make use of differential forms, which are inapplicable to our case. The authors went on 
to prove the conjecture for Lie algebras of type A and C, as well as for certain nilpotent elements 
in orthogonal Lie algebras. The conjecture has since been shown to fail; a long root vector in type 
i?8 provides a counterexample [Yak3| . 

Part 1 of the above theorem has its roots in a theorem of Veldkamp [Vel] . theorem 3.1, where the 
reductive case was first proven with strong restrictions on p. In [Tan] . theorem 1.6 those restrictions 
are weakened. Our proof is similar to that of [Tan] . The method is to satisfy the assumptions of 
a theorem of S. Skryabin ( [Skrj . theorem 5.4). We shall informally describe here a weak version of 
that theorem which shall be sufficient for our purposes. Let W be an £-module and recall that the 
index of C in W is defined to be 

ind(C,W) = mindim(£ 7 ). 

This definition goes back to Dixmier and plays an important role in the representation theory p-Lie 
algebras. We have a notion of differential d 7 /, where 7 G W, f £ K[W]. For /1, f m G K[W] we 
denote by J {fx, f m ) the Jacobian locus of the fa in W, ie. the set of those 7 G W such that the 
differentials d 7 fa, ...,d 7 f m are linearly dependent. Let 

q(C, W) = dim(W r ) - dim(£) + ind(£, W). 

Skryabin's theorem implies that if we can exhibit elements fx, f m G with m = q{C, W) 

such that coding J {fx, fm) > 2 then we may conclude part 1 of theorem [H Part 2 then follows 
by induction and part 3 is an immediate consequence. We shall record Skryabin's theorem in full 
generality in the final section. In order to exhibit such polynomials we use an explicit presentation 
of invariants xx,---,xn G KfjC*]- 41 , which was first conjectured in characteristic zero in [PPY] . 
conjecture 4.1, and confirmed in section 6 of |Yak2] . In f|2]of the current paper we define xx, —,xn 
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in terms of combinatorial objects (Young tableau and symmetric groups) and use the results of [BBJ 
to infer that they are G e -invariant over IK. In [BBJ this presentation of invariants was deduced from 
the theory of shifted Yangians and used to reprove part 2 of the above theorem in the characteristic 
case. They went on to give explicit presentations for the generators of the centre of the enveloping 
algebra of g e and thence demonstrate that the centre of the universal enveloping algebra of g e is 
freely generated (cf. part 1 of theorem [3] below and [Tan] . theorem 1.6(iv)). $3] investigates the 
restriction of those polynomials to 6* and (0 e )*- In SI we make use of a argument of [BBJ to help 
us to show that the condition on the Jacobian locus of the invariants is satisfied when A is of 
type A. Those polynomials which restrict to nonzero on t e are then shown to satisfy the Jacobian 
locus condition for type C, and similarly those which restrict to non-zero on (g e )i satisfy that 
same condition for types B and D. We take a brief detour in $5] to prove the existence of generic 
stabalisers in certain modules. This result was proven for centralisers in types A and C in section 
5 of [Yakl], when characteristic equals zero using a powerful criterion due to Elashvili [Elaj . This 
criterion does not hold in characteristic p > 0, however with a little extra work the same methods 
of proof may be applied here. We commonly write ind(£,£*) = ind(£). Premet's conjecture is 
closely related to a conjecture of Elashvili which states that ind(£ Q ) = ind(£) for all a £ £*. This 
has been confirmed in all classical cases (Yaklj and checked using a computer by DeGraff in type 
E%. Since there are so many nilpotent orbits in Lie algebras of exceptional type, the computations 
of the latter paper are impossible to present in a concise way. Fortunately Charbonnel and Morreau 
have presented an almost case free argument [CMMj . We shall call on this result in due course. 

We have explained how theorem [T] in type A extends to type C . In exactly the same manner 
we prove the following: 

Theorem 2. Let K C GLn(K) be of type B or D and let e 6 6 be nilpotent with associated partition 
A. We have g* = t* (g e )J. Let q = (N + \{i : \ odd}\)/2. Then 

1. IC[(g e )J] te is free of rank p q over K[(g e )J] p ; 

2. "K[(Q e ) s [\ Ke is a polynomial algebra on q generators; 

3. K[( 0e )a { ^K[( 0e )|F0 (K[(0e) * ]P)ire K[(g e )?]^. 

The remaining results concern the centres of enveloping algebras. Continue to let A be an 
algebraic group of type A or C of rank / over K, with x £ C. Then C x is a p-Lie algebra with p th - 
power map v h-> induced by matrix multiplication. Let U{C X ) denote the enveloping algebra 
of C x and S(C X ) the symmetric algebra. Since S(C X ) and IK[£*] are canonically isomorphic as 
/^-algebras we may identify their invariant subalgebras. Our next theorem offers a description 
U(£ X ) A * and U{C X ) C * analo gous to the one given for symmetric invariant subalgebras. Let Z{C X ) 
denote the centre of U(C X ) and Z p {C x ) the p-centre (the central subalgebra of U(C X ) generated 
by expressions of the form v p — v^,v G C x ). It is evident that U(C x ) Cx = Z(C X ). Consider the 
canonical filtration on U{C X ) with K = U^{C X ) C U^ l \C x ) C U^(C X ) C The associated 
graded algebra is grU(£ x ) = S{C X ) with corresponding grading Sk(C x ) = @^ =1 S l {C x ) where S l (C x ) 
denotes the span of homogeneous monomials of degree i in S(C X ). Since each graded A^-algebra 
is also a filtered *4 x -algebra both U{C X ) and S(C X ) can be seen as filtered ^-modules. A key 
ingredient in the proof of our next theorem is the existence of a filtration preserving isomorphism 
of ^-modules 

(3 : U(C X ) 4 S(C X ) 

such that the associated graded map gr(/3) is the identity on S(C X ). The isomorphism is known 
to exist for a large class of algebras (see [Pre], §3). We shall discuss this isomorphism in greater 
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detail in £J71 We obtain generators for Z{C X ) as the inverse images under f3 of the aforementioned 
generators for S(£ x )^ x . We remind the reader that when A is of type C we make the assumption 
char(IC) > 2 

Theorem 3. If A is simple of rank I, of type A or C and x G C then 
1. Z(C X ) is free of rank p l over Z p (C x ); 

x) x is a polynomial algebra on I generators; 



Our final result is a proof of the first Kac-Weisfeiler conjecture for centralisers in types A and 
C. In order to describe the conjecture in full generality we introduce a p-Lie algebra A4. It is 
observed in [ZasJ that there is an upper bound on the dimensions of simple .M-modules. We denote 
by M(A4) the minimal integer such that dim(PF) < M{M.) for all simple .M-modules W . To each 
a £ M* we define a skew-symmetric bilinear form on A4 via the rule 



known as the Kirillov form associated to a. The kernel of this bilinear form coincides with M a so 
the form induces a non-degenerate skew-symmetric form on A4/A4 a . We conclude that codirn/n A4 a 
is an even number and in particular dim A4 — indA4 is even. The KW1 conjecture asserts that 



Theorem 4. (see corollary^) If A is of type A or C and x G C then the KW1 conjecture holds 
for C x . 

As an addendum we compile some additional results on Pi-algebras and enveloping algebras 
([BG], [Zasj ) to observe that the Azumaya locus of the Zassenhaus variety Specm(Z(£ x )) is equal to 
the singular locus (see theorem [8]). This scheme of argument here was first sketched in [PS], remark 
5.2. Acknowledgements: I would like to thank Professor Premet for his excellent guidance 
throughout this research. 

2 The Elementary Invariants 

Retain the notations and conventions of the introduction. Let e G q be nilpotent with associated 
partition A = (Ai,...,A n ) and Ai > • • • > A„ > 0. For i = l,...,n we may choose vectors Wi G 
V[i]\Im(e) so that {e s Wi}glT 1 is a basis for the Jordan block space V[i] and {e s Wi : 1 < i < n,0 < 
s < Aj} is a basis for V. If we order the basis 



then e is in Jordan normal form. 

Let £ G Q e . Then £(e s Wi) = e s {^uii) showing that £ is determined by its action on the itfj. If we 
define 



3. Z{C X ) = Z p (£ x ) ®{z p (c x ))** U(C X ) 



(x,y) i y a[xy] 



(e Xl - 1 w l ,e Xl - 2 w 1 ,e Xl ~ 3 w 1 ,...,wi,e X2 - 1 W2,e X2 - 2 w 2 ,...,w 2 ,...,w n ) 
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and extend the action to {e s Wi} by the requirement that £|' is linear and centralises e then 

U; A ' ' " : 1 < i,j < n,0 < s < min(A i , Xj)} 

forms a basis for g e . Let g* denote the dual space of g e . We define a dual basis s )*} for g* by 
setting 

(tj,s\* (cl,r\ J 1 iii = k, j = l, s = r 

l?i i - | otherwise 

The coadjoint actions of G e and g e on g* are defined by the rules 

(Ad*(g)a)(X) = a(Ad( 5 " 1 )X) and (ad*(Y)a)(X) = -a(ad(Y)X) 

for X, Y G g e , (7 G G e , a € g*. With a view to introducing the elementary symmetric invariants 
described in [BB| we define the sequence of invariant degrees by 

Ai l's A 2 2's 

(di,...,d N ) = (M^T,C3, 

A partition (of length n) of is a finite sequence a = (01, a n ) with ^ = N and < G Z. 
A composition of a is a finite sequence b = (b\, ...,b n ) with < < a& for A; = 1, n. We write 
|6| = Yl bf- and let 1(b) denote the number of k for which b^ is nonzero. If 1 < k < then 
denotes the fc th index such that 6j fc ^ (ordered so that < i% <•••)• ^ our choice of 6 is clear 
from the context then we write ik = it ■ Fix r G {1, A^}, set d = d r . Denote by C\ the set of 
compositions of A fulfilling \fj>\ = r,l(/j>) = d and let denote the symmetric group on d objects. 
If a choice of w G Sd and a partition /i is implicit then we write 

Sfc = A o) - A ( M ) + n ( M ) - 1 

wk k k 

Since g e = (g^)*) ^[fle] * s spanned by monomials in the linear unary forms & : g* 1— » K. For 
r = 1, N define the functions 



@ r : x C x ^ X[9*]; 

SrCw^) = sgnHe;: i ' si --^i; d ' Sd . 

Now the our elementary invariants may be defined 

x r = 6 r («;,/i) £K[g;]. (1) 

{w,/i)es d xc x 

Each x r is homogeneous of degree d r . Since IK[g*] and S(g e ) are canonically isomorphic as g e - 
modules we may identify their invariant subalgebras. This subtlety shall allow us to relax notation 
occasionally. 

Remark 1. In [BB] the invariants were described in terms of a Q e -basis which was defined rather 
differently. In section 6 of lYak%$ these bases were shown to coincide. We choose this basis due to 
the clarity of its action on V . 

Note that all groups, spaces and maps discussed in the current section may equally well be 
defined over C. The following result is implicit from |BBj . theorem 4.1. 
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Theorem 5. The polynomials x%, ...,xn are G e -invariant when defined over C. 

We use reduction modulo p to obtain the following. 

Corollary 1. The polynomials xi,...,xn are G e -invariant when defined overM,. 

Proof. We proceed with all maps and spaces defined over C. The matrix £f s is nilpotent when 
i 7^ j or s > 0. The elements are semisimple. We shall denote by Mtv(C) the ring of N x N 
matrices over C with the usual associative multiplication and denote by Mjv the Z-lattice in Mn (C) 
arising from the inclusion Z C C. Let t be an indeterminate and denote by Afjv(C)[i] the ring of 
polynomials in t with coefficients in Mjv(C). Let i ^ j, let Xj — min(Aj, Aj) < s < Xj and < r < Aj. 
Consider the matrices 

9t = 1 + ^f' S and = 1 + t$ r . 
They both lie in Mjv(C)[i] and the reader may verify that their inverses are 

oo 

sr 1 = 1 - «r ^d v 1 = i + E(- 1 ) fc ^ ,fcr - 

fc=l 

Since all coefficients are integral we may consider the above maps to be elements M^[t]. The 
elements x r are also elements of S(Mn), so we get Ad(gt)x r € S(Mjv[t]). Hence the expression 
Ad(gt)x r can be written Aq^ + tA\ jT + t 2 A2, r + ••• where Ak, r £ S(Mjy). By theorem[5]we see that 
x r is ^-stable over C so Aq^ = x r and Ak )T = for all k > 0. Let Afc^ = A®1 £ ^(flljvM) ®z K. 
Then for each r we still have ^4o r = x r <2> 1 € S(M^) ®z K and Afc r = for A; > 0. But x r (g> 1 is 
just x r deffined over K. If we now allow i to vary over K then we conclude that <ft fixes each x r 
over K. Similarly each /ij fixes each x r over K. We proceed over K. Let U denote the subgroup of 
G e generated by the lines {1 + t^f' s : t € K} and {1 + i£*' r : t G IK} where i,j, s and r vary in the 
range i ^ j, Xj — min(Aj, Xj) < s < Xj and < r < Aj. The above shows that the generators of U 
fix each x r over K; so must the closure U. 

Consider the group Tc Gin which the elements act on each V[i] (i = 1, n) by an arbitrary 
nozero scalar. The group is toral, closed, contained in G e and Lie(T) = span{£*'° : 1 < i < n}. We 
shall show that T fixes each x r . Recall that £V fc ' Sfc £ Hom(V[ifc], V[i w k\) so if h € T is defined by 
hwi = tiWi for ti € K then 

and 

=i 



Ad(^)z r = £ sgn(u,) (J] ir^J • • • ^ = *r 

(w,n)es d xc x fc=i 

Now the group (C/, T) generated by U and T is closed, connected and its Lie algebra contains a 
basis for Q e . Hence (U,T) = G e . Both U and T fix x r ; so must G e . □ 

3 The Restriction of Invariants to Classical Subalgebras 

Define K, t, (•, •), e and a as per the introduction. Recall that char(IC) > 2. Let e £ f be a nilpotent 
element and, as usual, denote the Jordan block sizes by Ai > A2 > • • • > A n - Recall that there exist 
vectors {wi} such that {e s Wi : 1 < i < n, < s < Aj} forms a basis for V. The following condition 
on the Jordan block sizes can be found in |AO| . theorem 1.4. 
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Lemma 1. The Wi can be chosen so that there exists an involution i h- >• i 1 on the set {1, ...,n} 
such that 



1. Xi = Aj' for all % = 1, n 

2. i = i/ and only if (— l) Al_1 = e 

In plain English the lemma implies that for a nilpotent element in a symplectic algebra, each 
Jordan block of odd dimension can be paired with a different Jordan block of the same dimension, 
and in an orthogonal algebra each Jordan block of even dimension can be paired with a different 
Jordan block of the same dimension. Since o~(e) = e, the centraliser of e in g is u-stable, inducing 
a decomposition g e = t e © (g e )i where (g e )i = (gi)e is a g e -module. We have a corresponding 
decomposition of the dual space g* = {!* © (g e )i- Finally we shall normalise the basis for V. Let 
{wi} be chosen in accordance with the above lemma. Fix i. We have (e s Wi,Wi') = (—l) s (wi,e s Wi') 
so e Xl ~ x Wi is orthogonal to all e s Wi< with s > 0. There is a (unique upto scalar) vector v € V[i] 
which is orthogonal to all e s W{i for s < Aj — 1. This v does not lie in Im(e) for otherwise it would 
be othogonal to all of V[i] + V[i']. This of course is not possible since the restriction of (•,•) to 
(V[i] + V[i'\) x (V[i] + V[i']) is non-degenerate. It does no harm to replace Wi by v and normalise 
according to the rule 



With respect to this basis the matrix of the restriction of (•,•) to V[i] + V[i'] is antidiagonal 
with entries ±1. We now describe a spanning set for t e . We have 



(wi,e Xi 1 Wi>) = 1 whenever i < i' 



(2) 



where 



£i t j >s is defined by the following relationship [Yak2] 



A , • — 1— s 



Wj,e s Wj>) = -ei } j j8 (wi,e 



Make the notations 





■i',Aj— 1— s 




■i',Aj — 1— s 



The maps (j' s span t e and the maps rf^ span (g e )i- We can construct a dual basis in a similar 
manner as section 1. Let 




The reader may check that the explicit presentation of this dual basis is (C/' S )* = j S )* + 
e i,j,s(?j/' A * _1 ~ s )* (this actually follows from part 3 of the next lemma). A similar description may 
be given for (f?f s )*- The (C/' S )* vanish on (g e )i and the (rn' s )* vanish on t e . 



Lemma 2. The following are true: 



1- £ i,j,s = (—1) J s di<i'dj<ji; 
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3. The only linear relations amongst the £|' s ore those of the form Ci' s = £i,j,sCf' S ■ 

4- The only linear relations amongst the rf^ are those of the form r^' s = —£ij t sVf' S - 
Proof. We have 

— {e x i~ 1 ~ s Wj, e s Wj/) (— l) x i~ s (wj, e x i~ x Wjt) 
hJ,s (w i ,e Xi - 1 w i/ ) (w i ,e x i- 1 w il ) 

We claim that (wi, e Xi ~ l Wi') = dj<j/. The bilinear form (•, •) is normalised so that (wi, e Xi ~ 1 Wi') = 1 
whenever i < i', therefore we need only show that (wi, e x '~ 1 Wi') = — 1 whenever i > i! . If % > i' 
then 

(u^-VO = {-l^-H^Wuwv) = ei-l^iw^e^Wi) = e(-l) x '-\ 

However e(— = —1 whenever i ^ i' by lemma [H conculding part 1. Next observe that 
di<i'di'<i = 1 if and only if i = i' hence <9j<j'<9j'<j = e(— 1) <— 1 . Part 2 now follows from part 1. 

The equality (j' s = £i,j,sCf' S follows from part 2. To see that these are the only relations we note 
that (0 e )i is spanned by vectors ' 1 s — £j ) j jS £* ; ' Al ~ 1 ~' s and that e /(£) e )i — Then the map 

£f j 1 s + (g e )i ^ Ci' S is wen defined and extends to a linear map g e / (g e )i ^ ^e- It is surjective and 
so by dimension considerations it is a vector space isomorphism. The only linear relations amongst 
the vectors £f 3 1-5 + (g e )i in e /(fl e )i are those of the form ^ x i~ x ~ s _ £ij )S ^,' Ai_1_s + (g e )i = 0. 
Part 3 follows. An identical argument works for part 4. □ 

Fix r € {1, N} and d = d r . Recall that C\ denotes the set of compositions of A fulfilling both 
|/x| = r and = d, and that 6 r (w, /x) = sgn(u))^ 1 ' 51 • • • where s fc = Ai wii - A ife + - 1. 

The invariants described in section 1 are defined to be 

Xr= J2 e r(w,fl) GK[g*] G «. (3) 

(w,ti)es d xc x 

Since K[g*] is spanned by monomials in the £j' s , the involution a : g e i— >• g e extends uniquely to 
a K-algebra automorphism of K[g*] i— )■ K[g*] which we shall also denote by a. This extension is 
clearly involutory. The following proposition shall be pivotal to our understanding of the symmetric 
invariants for centralisers of nilpotent elements in classical subalgebras of g. 

Proposition 1. a(x r ) = (— l) r x r 

Proof. Fix (w,n) € Sd x C\. We shall show that if Q r (w,fj,) ^ then there exists a pair (uu',fjf) € 
Sd x C\ such that a(@ r (w, /i)) = (— l) r G r (i(/, //) and O r (w',(j,') ^ 0. In view of formula ([3]) the 
proposition shall follow. By formula ([2]) we have 

a(Q r (w, (j,)) = S gn(w)a(^' Sl ■ ■ ■ 



"id ' 
d 

fc=l 

We must examine the coefficient 

TTe< t i i A--«- = T](-l) Xiwh ~ Xik+l * ik di,<i'di t «' 

k=l k=l 

d d 



fc=i fc=i fc=i 



8 



By definition = r implies nfc=i( — l)* 1 ** = (— l)^fe=i w * = (— l) r . Since w is a permutation 
]lLi(-l) Alfc ^<*' fc = nLi(-l) Al - fc ^ fc < Cfe and the product ULi ^ k X k -^ k reduces to (-If. 

It remains to prove that 9 r (i</, u') = sgn(u))£^ ' Sl+Al1 A ' 1 " 1 . . . £ 1<J ' Sd+Al d A v.d £ or some choice 
of (v/,fjf) eSjX Ca- For fc = 1, let = (i w k)' ■ Let // be the composition of A with nonzero 
entries in positions indexed by the jk such that = fii k + Xi wk — Aj fc . We have l(n') = d by 
definition. Furthermore 

k k k 

\A =J2^'jk = Yj^i k + Ku - X h) = ^Vi k = ImI = r. 

i=l i=l i=l 

To see that < fi' k < X k we use the fact that @ r (w,fj,) ^ 0. We have < \ wk — 1 — s k < 
min(Aj fe , Xi wk ) and by definition of s k we have < Aj fe — fii k < Xi wk . The left hand inequality gives 
us fx'j k < Xi wk = Xj k , whilst the right hand inequality tells us that < Xi wk — (Aj fe — (J,i k ) = /U^ fc . 
It follows that < f/ k < X k for k = 1, n so that //' is a composition of A. We have shown that 

We now aim to define w' G S^- If we define an element to € S n by w(ifc) = for fe = 1, 
and oj{i) = i for all fii = 0, then sgn(o;) = sgn(iu). The element v of S n which sends (i w k)' to (ik)' 
is ' o w~ 1 o / , where o denotes composition of permutations in S n . But ' is an involution so v and 
lu^ 1 are conjugate in S n implying sgn(z^) = sgn(w). Now v preserves the set {ji,--.,jd} and acts 
trivially on its complement, therefore we may take w' to be the restriction of v to {ji, j^}. This 
element will have sgn(u/) = sgn(^) = sgn(w) = sgn(iy). 

From the above we get j w , k = v(i wk )' = (i k )', fj/ jk = n[ iwk y = m k + \ wk ~ A *fc> X J w ' k = A *fe and 
Xj k = Xi wk so that 

jw>k>^ w , k -^ k +^ k -i _ ji k y,M k -i 

^3k H^wk)' 

It follows that (w',fjf) is the required pair. Since a is non-degenerate on Q e and @ r (w',fj,') is a 
product of terms cr(^ k ' Sk ) with each £V=' Sfc ^ we conclude that @ r (w' , //) ^ 0. □ 

As an immediate corollary we get 

Corollary 2. T/ie following are true: 

1. x r \t* = for r odd; 

2. £ r |( 0e )* = for r + d r odd. 

Proof. Let Bq be a basis for t e and i?i a basis for (fl e )i, so that i?oU-Bi is a basis for g e . Throughout 
the proof we shall consider x r as a sum of monomials in Bq U B\. With respect to this basis x r 
remains to be homogeneous of degree d r . Since the elements of this basis are eigenvectors for a the 
monomials will be eigenvectors for the extension of a to S(Q e ). 

If r is odd then by proposition [IJ ax r = —x r . We deduce that there are an odd (ie. nonzero) 
number of factors from B\ in each monomial summand of a^r— l- Each of these factors restricts to 
zero on t*; so must x r , whence (1). 

If r + d r is odd then there are two possibilities: either r is odd and d r even or vice versa. Assume 
the former so that x r is a sum of monomials of even degree and There must be an odd 

number of factors from B\ in each monomial and since each monomial has even degree there is also 
an odd (ie. nonzero) number of factors from B\ in each monomial. Each of these factors restrict 
to zero on (fl e )*) s ° must x r . If, on the other hand, r is even and d r is odd then ax r = x r so each 
monomial summand of x r contains an even number of factors from B\. Since each such monomial 
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has odd degree, there is an odd (ie. nonzero) number of factors from Bq in each monomial. Each 
of these factors restrict to zero on (g e )i\ s ° must x r . This completes the proof. □ 

4 Jacobian Loci of the Invariants 

4.1 The General Linear Case 

If /i, f) G K[g*] and U C g* is a subspace then we denote by Ju(fi : i = 1, ...,/) the Jacobian 
locus of the fi in U, ie. those 7 G g* for which the differentials (i 7 /i|;7, d^fi\u are linearly 
dependent. Make the notation J = J g *(x r : r = 1, ...,N). We aim to show that the condition on 
the codimension of the Jacobian locus in Skryabin's theorem is satisfied for these invariants. Refer 
to the introduction for an informal description of Skryabin's theorem. We shall prove the following. 

Proposition 2. codim g * J > 2. 

In the style of |PPY| . §3, we proceed by identifying a 2-dimensional plane in g* intersecting J 
only at 0. The proposition will then quickly follow. Calculating the differentials of the invariants 
polynomials explicitly is an unappealing task, and so we infer the necessary properties implicitly. 
Fix 7 6 g* and let v G g* vary. Consider the polynomial 

x 1 '■ Be ^ K; v h4 x r (7 + v). 

It is well known and easily seen that 

%l = constant + d^x r + higher degree polynomials in K[g*] (4) 

Hence in order to show that d^x\, d^XN are linearly independent it will suffice to show that 
the linear components of xj\u, ...,xjj\u are linearly independent for some appropriate choice of 
vector space (7 C g*. 

Let us define 

n 

« = E a ^ x ^r ^d p = y^-V't (5) 

l<i<n i=2 

where the coefficients a, £ IK are subject to the constraint that = Oj implies i = j. The following 
lemma is essentially due to Brown and Brundan |BBj . lemma 4.2. Their paper makes use of a 
basis which is defined combinatorially, and uses the reverse ordering for the Jordan block sizes. We 
translate their argument into the notation of our basis {^j' s } for the reader's convenience. 

Lemma 3. For all y G K x we have y(3 G Ql\J- 

Proof. Let U = span{(^ M )* : 1 < i < n, X± - Xi < s < Ai} C g* and let 

n Ai — 1 
i=l s=\i—\i 

be an arbitrary element of U, with Cj iS G K. We have 

{y if i = j — 1 and s = Aj — 1 
c M if i = 1 ' (6) 

otherwise 
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Observe that if 1 < r < Ai then x r = X^£*' r 1 so that x r (y(3 + v) = ci jr _i and xf^\u = ^}' r 1 . 
If n = 1 then Ai = N and we have shown that the linear terms of the x\ \u, ■■■■, xV ^\u are linearly 
independent and by formula ([4]) we are done. Assume not, so that we may choose Ai < r < N and by 
definition we shall have d = d r > 1. With the definition of x r in mind let us consider the possible 
choice of composition fi of A, and permutation w G Sd such that the monomial gy 1 > sl ._£ i wd > Sd 

evaluates as nonzero at v. We require that £ l i wk ' Sk (v) ^ for k = 1, d. 

For any w G Sd we can be sure that wk < k for some k G {1, Fix such a A;. Due to 

([6]) we have = 1. Clearly wl ^ 1 for I ^ fc so, again by ©, i^j = ij + 1 for all I ^ k. This 
gives us i w k = 1, i w 2 k = 2, i^ife = 3, ... and i w d k = it = d. Furthermore by ([6]) we must have m = 
Ai,yU2 = = ^<i-l- Since = r and =dwe have ^ = r — Y^tn=i u P sri °t 

is that w must be the d-cycle (123 ■ ■ ■ d) and that the composition p, must be (Ai, A2, A^-i, r — 
Efc=lA fc ,0,0,...,0). 

We make the notation t r = r — Y^m=i G {1, ■••> A^}. Since sgn(123 ■ • • d) = (—l) d ~ 1 we have 

shown that x r {yj3 + v) = {—y) d ~ 1 Cdj r -i- Thus x% \u = {—y) d ~ 1 £,d' tr ~ 1 \u ^ or au r = 1> ■••,iV~. These 
linear functions are clearly linearly independent and by formula (JH) the lemma is proven. □ 

Lemma 4. There exists g G G e such that Ad* (g) a = a + f3. 

Proof. We may decompose the algebra Q e = n~ © f) © n + where n~ = span{^' s : i < j}, f) = 
span{^' s : i = j} and n + = span{^' s : i > j} (Xj — min(Aj,Aj) < s < Xj). If we order the basis 
{e s Wi} so that e is in Jordan normal form then n~ is strictly lower triangular and n + is strictly 
upper triangular. Furthermore we have a similar decomposition g* = (n - )* © f)* © (n + )* where 
a G t)* and /3 G (ti~ )*. Since each X G n + is nilpotent, the translation morphism X i-> 1 + X takes 
X G n + to a unipotent matrix in G e . We denote the subgroup generated by all 1 + X {X G n + ) 
by N + . It is easily seen that 1 + n + is closed under matrix multiplication, hence N + = 1 + n + . 
We aim to prove that Ad*(iV + )a = a + (n - )*, from which our proposition will quickly follow. The 
1-dimensional subspaces {1 + t^' s : t G K} with i > j generate N + . Since i > j we see that 
(1 + t^' s ) _1 = 1 — t^f s (cf. proof of corollary [1]) . A quick calculation then shows that 

Ad*(l + t$')a = a + tia^- 1 - 8 )* - a^f^ 1 ^)*) G « + 00* 

The conditions on the aj ensure that the linear forms {ctjiCj'^ 1 S )* — a i(Cj Al_1_S )* : i > j} are 
linearly independent, hence span (n~)*. We see that dim(Ad*(A r+ )a) = dim(a + (n~)*). Thanks 
to [Rosj. theorem 2, we know that Ad* (N + )a is a closed subvariety of a + (n - )*. The dimensions 
coincide and so we have equality Ad*(N + )a = a + (n~)*. Now f3 G (n - )* so there exists some 
g G N + such that Ad* (g) a = a + f3 as required. □ 

Let a : K x i-> G e be the cocharacter given by a(t)wi = tfwi. Define a rational linear action 
p : K x ^ GL( *) by 

p(t)7 = tAd*(o(t))7 where 7 G g*,t G K x 
Clearly we have p(t)(S,i' s )* = t i ^+ 1 (^ i ' s )*. 
Lemma 5. The Jacobian locus J is 

1. G e -stable; 

2. p(K x )- stable. 
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Proof. Since x r is G e -invariant 

x r (Ad*(g)(j + 5)) =x r { 1 + 5) 

for all g G G e and 7, 5 G g*. This equates to x^ d ^ o (Ad*g) = ac7- The linear part of the left 
hand side of this equation is dxd*(g)-y x r (Ad*<?) and the same of the right hand side is d^x r . As 
Ad* (5) is invertible, the dimension of the linear span of dj± d *( g ^xi, G?Ad*(g)7 x N equals that of the 
dryXi, d-yXN, whence (1). 

Turning our attention to p(K x ), fix t G K x and observe that 

d 
k=l 

So that x r o = t d 2; r . Next let 7,f)£g* and observe that 

X r (p(t) 7 + v) = X r O p(i)( 7 + pit^v) = t d X r (~f + p(t) -1 v) 

which may be written as Xr^ 7 = t d x1 o We conclude that the linear terms must coincide, 

so that 

dpMryXr = t d d^x r o p(t)~ L . 
However, pit) -1 is evidently invertible so (2) follows. □ 
Lemma 6. (Ka (£> K/3) n J = 

Proof. Let x, y G K and 7 = ia + y/3 7^ 0. We shall show that 7 6 g*\ J. If y = then the element 
y G G e constructed in lemma 2] sends 7 to xa + xj3 so by part 1 of lemma it suffices to prove that 
7 G ge\^ whenever y 7^ 0. By lemma [3] we may assume that i^O. 

It is clear that p(t)a = ta and p{t)j3 = f3. Consider the variety Ka + y/3. Since J is closed it 
follows that (qI\J) H (Ka + y/3) is a Zariski open subset of Ka + y/3. By lemma [3] that intersection 
is non-empty. We deduce that 

p(K x ) 7 n (g*,\J) = (K x a + y/3) n (g^J) / 0. 

By part 2 of lemma [5j ge\J is p(K x )-stable implying 7 G g*.\J as required. 

□ 

We are now ready to prove proposition [2j 
Proof. The Jacobian locus is conical and Zariski closed. Apply the above lemma. □ 

4.2 The Symplectic and Orthogonal Cases 

In this section we aim to prove an analogue of proposition [2] for centralisers in symplectic algebras 
and orthogonal algebras. 

Proposition 3. The following are true: 

1. Let e = — 1 so that K is of type C . Then coding* J%* (x r : r even) > 2; 

2. Let e = 1 so that K is of type B or D. Then codim( 0e )* </( 0e )* (x r : r + d T even) > 2. 
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The proofs of parts (1) and (2) shall be identical. We begin by proving (1) and then describe 
how those arguments may be adapted to part (2). As an immediate corollary we obtain. 

Corollary 3. The following are true: 

1. If e = — 1 then the restrictions x r \%» with r even are non-zero and distinct; 

2. If e = 1 then the restrictions zv|(g e )* with r + d r even are non-zero and distinct. 

Proof. If x r \i* = x s \i* for some r ^ s then we would have £* = J{*(x r : r even), contradicting part 1 
of proposition [3l Similarly the restrictions are non-zero. The same argument works for part 2. □ 

Until stated otherwise assume e = —1. Since g e = t e © (fle)i there is a natural inclusion 
i : S(t e ) (->• S(g e ) which is also a K-algebra homomorphism. 

Lemma 7. d^x r = d^i(x r \t*) for r even and for all 7 G tg. 

Proof. Let 7 G t*. Let Bq and B\ be bases for t e and (fl e )i respectively. The polynomial x r — i(x r \t*) 
may be written as a finite sum Y^k=i c k^k where q G IK X and the M/% are monomials in the g e -basis 
-B0U-B1. Since i(av|t*) is the sum of those monomial summands of x r which contain no factors from 
B\ we conclude that each Mj. possesses a factor from B\. We have aX = —X for each I 6 61 
and, since r is even, ax r = x r by proposition Q] so there must be an even number of factors from B\ 
in each monomial summand of x r . This implies that each possesses at least two factors from 
B\ and that for all X G Bq U B\ the partial derivative either is zero or possesses at least one 
nonzero factor from B\. The functions B\ annihilate t* so 75^(7) = for all X G Bq\J B\. But 
now 

-<(*,!,.))= £ ^^M(7)X= £ Ec^(7)X = 0. 

XeB ( ,U-Bi * XeBoUBi k=l 

The lemma follows. □ 
Lemma 8. Jt*(x r : r even) = t* n J s %(x r : r even) 

Proo/. Fix 7 G {*. If ^ r even c r (f 7 x r = then (£) r cven c r d 7 x r )j f * = E r evea^^C^lt*) = which 
gives one inclusion. Conversely suppose £ r even c rA(2v|t*) = 0. Then iQ^ cvcn c r d y (x r \t*)) = 
even c r d y i(x r \ e *) = J2 r cven c^av = 0, which gives the other inclusion. □ 

Let a be as defined in the previous section, with the additional constraint that dj = —ay for all 
i ^ i' '. We define 

P = p + $ where /3' = £ ei.m.oCfJ+iy 1 )* 

Recall that J = J B *(xi, ...,xn) and that there is a rational linear action p : K x i— > GL(g*) defined 
preceding lemma 01 Note that if i + 1 7^ i' then (i + 1)' > i' and so 

where h = (i + 1)' - i' + 1 > 2. 
Lemma 9. ajef*. 
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Proof. We recall that (Cf s )* = ($' Xj 1 ')* + and e Mj0 = (-1) A *. Since e = -1, 

lemma Q] implies that i = i' if and only if Aj is even. Therefore ((■' )* = 2(# <_ )* for all j = »' and 
( C f )* = (tf**- 1 )* - for all * < i'.It follows that a = \ £ i=l , a^T + ^(Cf)*- 

Similarly £^+1,0 = (— l) Ai+1 5j<j'9j +1 <(j +1 y . If £ + 1 = %' then lemma [T] implies Aj + i is odd 

and that £j j+i = 1. We conclude that (Ci +1 '°)* = 2(£* +1 ' Al+1 1 )* from whence it follows that 

/3 = ^E m L,(Ci +1 '°)* + E m ^(Cl +1 ' )*. ' ' □ 

Lemma 10. (Ka K$) n J = 

Proof. Let 7 = xa + y/3 7^ with x,y £ K. We shall show that 7 € 0eW- Supposing x ^ and 
y = we may invoke lemma [6] to conclude that 7 G 0g\</- 

Suppose y ^ 0, then consider the set E 1 = {to + (/3 + S £ i,i+l,0* fci C(j+ 1 y 1 ) : * 6 ^} where 
fci £ N is defined preceding the statement of lemma El It is a 1-dimenisonal variety containing /3, 
hence by lemma [3] it must intersect the set Ql\J m a non-empty open subset. Since p(K x )'j = 
{to + (/3 + X] e i-i+i,o^ i ^(j!^iy 1 ) : * ^ IK X } C E 1 is also non-empty and open in E the intersection 
p(K x )7 n (fJe\J) is non-empty. By part 2 of lemma J is p(K. x )-stable and so 7 6 0e\J. 

□ 

We can now give a proof for part (1) of proposition [3l 

Proof. By lemmas [9l and PTOl there is a 2 dimensional plane contained in t* intersecting J only at zero. 
By lemma [8] we have J%*{x r : r even) = {* n J g * e (x r : r even) C t* n J so that same plane intersects 
Ji*{x r : r even) only at zero. As J$*{x r : r even) is conical and Zariski closed, the proposition 
follows. □ 

In order to prove part (2) of the same proposition we shall describe how the argument above 
must be adapted to the orthogonal cases. For the remainder of this section take e = 1. Again we 
have an inclusion i : S((g e )i) 1— > S(Q e ). The next lemma is analogous to lemma [H 

Lemma 11. J( 3e )*(x r : r + d r even) = (g e )* D J s i{x r '■ r + d r even) 

Proof. Examining the proof of lemma [8] it is clear that the lemma will follow immediately from the 
claim that cLyX r = d 7 i(x r \^*) for all 7 e (0 e )i- Fix such a 7. Let Bq and B\ be bases for t e and 
(fle)i respectively. Write x r as a finite sum Y^k=x c k^k where Ck G K and is a monomial in the 
e -basis Bq U B\ . Once again examining the proof of lemma [7] we see that the current lemma shall 
follow from the claim that each monomial has an even number of factors from Bq. 

Now r + d r is even so we have two cases: r and d r are both even or both odd. In the first case 
by proposition [TJ We deduce that there must be an even number of factors from B\ in 
each Mfc. Since d r is even each M/% has even degree and there are also an even number of factors 
from Bq, proving the claim. In the second case ax r = —x r so there are an odd number of factors 
from B\ in each monomial Since d r is odd, each has odd degree and so again, each 
must possess and even number of factors from Bq. □ 

Next we must identify a 2-dimensional plane contained in (0 e )i intersecting J( 3e )*(x r ■ r + 
d r even) only at zero. The proof will be identical to the symplectic case. Let a and f3' be defined 
exactly as above, however let f3 = f3 — f3' in the current case. 

Lemma 12. aje (fle)*- 



14 



Proof. Recall that (rf^)* = (£,f Xj 1 ")* - ZijAtf^ 1 ^)*- Following the proof of lemma [9] verba- 
tim, replacing each occurrence of (^' s with r/j' 11 , and exchanging the words odd and even, we deduce 
that a = \ Y. i= i< ai(Vi°T + E«i' a i(vf)* and /3 = \ Ei+i=i'(^ +1 '°)* + □ 

We can finally give a proof for part (2) of proposition [3J Note that in the following proof we 
quote lemma [TU1 although strictly speaking we should alter our argument for lemma [10] slightly: 
since (3 = j3 — ef3' we should replace the variety E = {ta + (/? + E ^.i+i.o^^j^iy 1 ) : t G IK} with 

{ta + (/3 — E^i+ljO^^i+Jy 1 ) : * ^ IK} when considering the orthogonal case. 

Proof. By lemmas [101 and [T2l there is a 2 dimensional plane contained in (0 e )i intersecting J only 
at zero. By lemma [TT1 we have J( 3e )* (x r : r + d r even) = (fl e )i H J * (x r : r + d r even) C (g e )J n J so 
that same plane intersects J( 0e )*(a; r . : r + d r even) only at zero. As J( ge )*(x r : r + d r even) is conical 
and Zariski closed, the proposition follows. □ 



5 Generic Stabalisers 

Here we make a quick detour to discuss the existence of generic stabalisers in certain cases. We 
define generic stabalisers in a general setting. Suppose A is an algebraic group with identity element 
l and C = Lie(«4). If W is a K- vector space and p : A i— > GL(W) is a rational representation then 
d h p : C h-> gl(W) is a representation of £. We say that w G If is a generic point, and that C w 
is a generic stabaliser if there exists a Zariski open subset O C such that for all a 6 O, the 
centralisers £ u and C w are ^.-conjugate under the adjoint action. In order to apply Skryabin's 
theorem to a Lie algebra C with module W we must find 

q(C, W) = dim(VF ) - dim(£) + ind(£, W) 

invariant polynomials in K[W]. In order to calculate ind(C,W) we shall prove the existence of 
generic stabalisers in three separate cases. For the coadjoint representation of centralisers in types 
A and C this result is known in characteristic zero, and ind(£, W) has been calculated over IK (see 
[Yakl] ). The main motivation for this section is a calculation of ind(t e , (g e )i) when e = — 1. The 
following lemma is standard. 

Lemma 13. Fix 7 G C and let ?7 7 = {7' GW:C^Q Cy}. If 

4> : Ax Uj ^W; 
Hd,u) = g-u 

is a dominant morphism then 7 is a regular, generic point for the action of A onW . 

Proof. Suppose V is an open subset of W contained in 4>{A x Uj). It is well known that there 
exists an open subset OofW such that the stabalisers of all points in O have dimension ind(£, W) 
(argue in the style of |Dixj . 1.11.5). Then there exists 5 £ Onv, ie. there exists 8' & U 7 and g G A 
such that g ■ 8' = 8 and dim(£<5) = ind(£, W). We conclude that 

dim(£ 7 ) < dim(Cs') = dim(£^) = ind(£, W) 

so that 7 is regular. For all 7' G O n V we know that £y contains some ^4-conjugate of £ 7 , say 
Ad(^)£ 7 C £y. However by dimension considerations we see that £y = Ad(g)£ 7 . Therefore OdV 
is an open set within which the £-stabalisers of all points are ^4-conjugate. □ 



15 



We now return to the context of centralisers in classical Lie algebras. Retain all notations and 
conventions of the previous sections. Recall that we have a linear form aGj* such that a € £* e 
when e = —1 and a € (fl e )* f° r e = 1 (see lemmas [9l and fT2j) . In section 5 of [Yakl] it is shown 
that a G g* is a regular element with stabaliser f) = span{^' s : i = j}, and that a is also regular 
for the coadjoint representation of £ e when e = —1. They go on to prove that a is a generic point 
over C in these two cases. Their method makes use of a powerful criterion due to Elashvili, which 
is particular to characteristic [Ela]. With a little extra work we can use the same technique to 
extend this result to the characteristic p > case. 

Theorem 6. The linear form a is 

1. a generic, regular point for the action of G e on g*; 

2. a generic, regular point for the action of K e on t* when e = —1; 

3. a generic, regular point for the action of K e on (g e )* when e = 1. 

The method is to satisfy the assumptions of lemma [T3l Much as was the case in section [4j 
the arguments in the symplectic and orthogonal cases are identical. We commence by proving 
part (1), then part (2) and finally we describe how those arguments may be adapted to the case 
e = 1. Recall that g e = n~ © f) © n + where n~ = span{^ ,s : i < j}, fj = span{^' s : i = j} and 
n + = span{^' s : i > j}. We have an induced decomposition g* = (n - )* © fj* © where a E f)*. 

Proposition 4. The map <f> : G e X f)* h-> g*; (9,7) h-> Ad*(g)7 is dominant. 

Proof. By |Spr , theorem 3.2.20(i), we need only show that the differential : Q e © 6* 1— > q* is 



surjective for some 7 € . We shall take 7 = 0. In lemma 1.6 of |TY| the differential is calculated 
to be 

d a <f>(X, v) = &d*(X)a + v. 

To complete the proof we need to show that (tt~)*, (n + )* C ad*(g e )a, where (n - )*, (n + )* are defined 
in lemma [U A quick calculation shall confirm that 

and that 

ad*(^ s )a = a^'-'-y ~ a^f^Y ■ (8) 

Fix i > j. If X{ = Xj then the restriction aj 7^ implies that (^j S )* € ad*(n + )a for s = 0, 1, A,. 
If Aj < Xj then substituting s = Xj — 1 into equation ((5|) gives (^■•°)* G ad*(n+)a. Substituting 
successively smaller values of s into equation (jHJ) we obtain by induction (Cj S )* € ad*(n + )a for 
all s = 0, 1, Aj — 1. We conclude that (n - )* C ad*(n + )a. An identical argument shows that 
(n + )* C ad*(n~)a, completing the proof. □ 

In order to prove analogues of the above proposition for classical subalgebras of g we must first 
put some further restriction on the coefficients dj which appear in the definition of a. Define 

f 1 if i = i'\ 
k ~\2 xii^i'. 

and impose the restriction ZjOj = IjOj only if i = j. 
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Proposition 5. The following are true: 

1. The map <j> : K e X f)* Pi t% i-> £*; (5,7) H> Ad* (5)7 is dominant when e = — 1; 

& TTie map : if e x fj* n (g e )* (->• (g e )*; (flS7) Ad* (5)7 is dominant when e = 1. 

Proof. Let e = — 1. We have f)* fit* = span{(£*' s )*}. Once again we may prove that the differential 
di L rf\(j) is surjective at some point (t, 7) G if e x f)* n t* by |Spr| , theorem 3.2.20(i). By lemma 1.6 
of |TY| we have d( L ^(f)(X,v) = ad*(X)7 + v. We shall take 7 = and l £ K e to be the identity 
element then we may complete the proof by showing that span{((^' s ) : i 7^ j} C ad*(£ e )a. For this 
we shall need some explicit calculations. From formula ([7]) it follows that 

ad (C )(C fc ) = OikiCj ) -Oji(Cfc ) 

j- , Jt',\j— 1+) — s,.* j- / A j Ai— 1+) — s\ * 

+ OiliEklrKSj ) — Ojk>£klr{(,i> ) 

Recall the equality derived in the proof of lemma [9] 

« = \ E °r + E a ^' )* = D 1 - ^'H(C'°r- 

i=i' i<£' i<i' 

We have e^^o = ( — l) Ai - As an immediate consequence we have 

ad*(e> = (i-^o^c^" 1 "^-^-^^^" 1 "')* 

- e<',*',o(l - 2*M')°i / (Cj A, ~ 1 ~*)* - £j',j',o(l - 2^',i') a i(C]' Ai_1_S )* 

= (1 - ^(a, + (-l^XCf'" 1 "*)* " (1 " + (-1) VXCf^T 

By lemma [H \ is even if and only if i = i' . Furthermore, aj = ay when % = i' and a% = —ay when 
i 7^ i! '. In either case dj + (— l) Al a«' = 2ctj. We deduce that 

ad*(tf> = /,«,K;- A ' ' ')« - lia^- 1 -*)*. 

Fix i ^ j. Suppose Aj = Aj. Then the restrictions imposed on the coefficients a, and l{ ensure 
that ((j' s )* € ad*(t e )a for s = 0,1,..., A, — 1. Now suppose A, < Xj. Taking s = we get 
—ljaj{Cj Xl ~ 1 )* £ ad*(J e )<x Taking successively larger values of s we obtain £*> A > _1_S g ad*(t e )a: 
for s = 0,1, ...,Aj — 1 by induction. Now suppose Aj > Xj. By part 3 of lemma [2] we have 
Cj' s = £i t j )S Cji' S - Also Aj > Xj implies i < j. If i' = j then Xj = Xj hence we may assume j' 7^ i < j 
so that i' < j' . But now £|' s = £i,j, s {Cji' S )* £ ad*(t e )a by our previous deductions. We conclude 
that span{(C/' s )* :i^'}C ad*(t e )a and d (t)7 )^(B e , f)* n «*) = £*. This proves (1). 

The argument for (2) is almost identical. Let e = 1 and define 4> : K e x f)* n (g e )! ^ (ge)* by 
4>(9->l) = Ad*(g)7. I n order to show that d a cj) is surjective we must prove that span{(r7^ ,,s )* : i 7^ 
j} C ad*(t e )a. Following a similar line of deduction to the above we deduce that 

ad*(CT)a = ka^f^-y - faffi ; T- 

The proof then concludes in the same manner as that of part (1), making use of part 4 of lemma 
EJ □ 
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We may now supply a proof theorem [6] 

Proof. In the notation of lemma [13] we must show that (f> : G e x U a i— > qI is dominant where 
[/„ = {7 £ g* : (fle)e* ^ (fle^}- By theorems 1 & 5 of [Yakl] we see that (g e ) Q = f)- Since f) is 
abelian, any linear form 7 £ f)* is annihilated by f). As such fj* C U a . By proposition [5] the map 
0|G e xfj* is dominant, and so too is <f>. By lemma [13] part (1) of the theorem follows. 

The proofs of part (2) and (3) are similar. Let e = — 1 and let <j) be defined as per the statement 
of the theorem. Then (t e ) a = hnfi e . Since f) n£ e is abelian, fj* n fi* C £/„ = {7 € t* : ({ e ) Q C (t e ) 7 }. 
By proposition [5] the map <^|i<: e x(f)*n£*) is dominant, so too is 0. By lemma [131 part (2) follows. 

For part (3) let e = 1 and note that t) n (g e )i is an abelian Lie algebra so f)* n (fj e )i Q U a = 
{7 £ (fle)i : {%e)a f= (te^}- The proof concludes as above. □ 

Corollary 4. ind({ e , (g e )|) = i(iV - |{z : A; odd}|) w/ien e = 1. 

Proof. By part (3) of theorem [6] we know that ind(£ e , (fl e )i) = dim((6 e ) Q ) = dim(f) n t e ) = 
dim span{C*' s :l<i<n,0<s< Aj}. Now = only if *~ 1-s = _ £ „ iS £*,' Ai ~ 1_s , which 
is only if i = i' and Ei i S = 1. In this case Aj is odd by lemma [T] and Ei i s = (— l) Ai ~ s = 1 im- 
plies s is odd. Hence for each i = i' we obtain nonzero maps In case i ^ i' we have 
the relations = £i t i t sCl> ,S part 3 of lemma [2] Since these are the only relations we have 
dimspan{£*' s , ,s : < s < Aj} = Aj for each pair with i ^ i'. Since Aj is even in this case 

we conclude that ind(* e , (g e )f) = EiL^J = ~ K' : A * odd }D- □ 

6 Mil'ner's Map 

In order to deduce theorem [3] from theorem [TJ we prove the existence of an isomorphism of A x - 
modules j3 : U(C X ) (->■ S(C X ) with special properties. This map is known to exist for a large class 
of algebras and for the reader's convenience we shall briefly discuss the construction in generality. 
We must temporarily introduce another algebraic group B with Lie algebra Ai. Continue to let 
V = K N . Suppose A C B C GL(V) so that £ C M C gl(V). We consider [/(£) and 5(£) to be 
subalgebras of C/(A1) and S(A4) in the obvious way. 

Let vi,...,v m be an A4-basis. In order to ease notation we identify each Vi with its image in 
U(Ai) under the canonical embedding. Then U(M) is spanned as a K-module by the ordered 
monomials Vj 1 ...Vj M with 1 < ji < • • • < ]m < m and < M (by convention Vj 1 ...Vj M = 1 for 
M = 0). We define a map J7(.M) i-> S(f7(.M)) as follows. If I C {1,...,M} then uj = is 
the monomial in U(A4), ordered as above. Let o denote symmetric multiplication in S(U(M)). 

We define our map 

H(v h ...v jM ) = v h ov h o---o v h 

I x U-UI k ={l,...,M} 

extending to all of U {M) by linearity. Note that we do not distinguish two partitions I\ U • • • Lli^ = 
I[ U • • • U I' k = {1, ...,M} if there exists r € Sfc such that Jj = /£• for 1 < j < k. The above is 
known as Mil'ner's map, and is 23-equivariant by construction. 

We say that B possesses Richardson's property if the following holds: there exists a subspace U C 
fll(V) such that gl(V) = A4®U and Ad(B)U Q U. If A4 posses this property then we may construct 
a map S(U(M)) h-> U(A4) as follows. Denote by p : M. h-> g[(V) the representation associated 
to the inclusion C gl(V). There is a unique representation f/(A4) i— >• End(F) restricting to 
p on M, which we shall also denote by p. Let e : U(M) i-> K denote the augmentation map, 
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let U+(M) = Ker(e) and let pri denote the projection onto the first factor of the decomposition 
gl(V) = p{M) U. Then we define 

vr = p - 1 o Wl o(p- eldy) : S(U(M)) H- U{M). 

Of course p — e Idy maps U{M) into End(V), which is equal to qI(V) as an i3-module. The map 
7r induces a S-module homomorphism, S(ir) : S(U(A4)) (->■ S(.M) and we may compose with /i to 
obtain 

/3 = 5(^)o^ : U(M) ^ S{M). 

Consider the canonical filtration on U(M) with K = U^(M) C U^(M) C U^(M) C 
The associated graded algebra is grU(A4) = S(A4) with corresponding grading S(A4) = 
(&i =1 S l (A4) where S l (M) denotes the span of homogeneous monomials of degree i in S{M.). Since 
each graded *B-algebra is also a filtered £>-algebra both U(A4) and S(M) can be seen as filtered 
^-modules. We say that a subalgebra £ is saturated if tt(U + (C)) C C The map /3 has wonderful 
properties, which may be stated in the context of saturated subalgebras of A4. 

Proposition 6. [Pre, 3.4 & 3.5] Suppose Ad posses Richardson's property and that C C A4 is 
saturated. Then 

(3 : U{C) i— > S{C) 
is a filtration preserving isomorphism of A-modules. Furthermore, 

P( Vjl ...v jM ) = P( Vjl )...p(v jM ) mod S^XC) 

so that the associated graded map gr (3 : gr (U(C)) = S(C) t-> gr (S(C)) = S(C) is the identity on 
S(C). In particular this map exists for centralisers in all classical Lie algebras. 

To clarify the role of A4 in the context of classical lie algebras we should mention that g e is a 
saturated subalgebra of q, and the latter trivially possesses Richardson's property, and t e is a sat- 
urated subalgebra of t, which also possesses that property thanks to the ^-invariant decomposition 
Q = fi® 0i. However A4 shall play no part in what follows. All we shall need is the existence of the 
map f3 for our algebras of interest. See also |FP] for a discussion of the statement regarding graded 
maps. 

Remark 2. The proof of proposition given in lPre\j uses a slightly more common version of 
Richardson's property which does not involve the algebraic group B, and the map ft is shown to be 
ad(X) -equivariant. By imposing the restriction that B must stabalise a complement to A4 in Ql(V) 
we may infer the stronger statement that j3 is Ad(£>) -equivariant. 

7 Proof of the Main Theorems 

7.1 Symmetric Invariants, Centres and the KW1 Conjecture 

The deductions of sections [2] to [5] aim to satisfy the assumptions of a theorem of S. Skryabin. We 
shall record here the first part of that theorem, which is sufficient for our purposes. 

Theorem 7. fSk^ 54(i) 

Suppose that W is a smooth affine variety and C is ap-Lie algebra acting upon K[W] by derivations. 
Let /i, f m G where 

m = q(£, W) = dim(VF) - dim(£) + ind(£, W). 
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Denote by U the closed set of those w G W such that the differentials d w f%, ...,d w f m are linearly 
dependent. If codimjyt/ > 2 then 

K[^] £ = ic[^n/ 1 ,...,/ m ] 

and K[W] is free of rank p m over ~K[W] P . 

The algebra KfW 7 ] 1 " = {f p : / G K[W]} is called the p th power subalgebra of K[W]. Before we 
can apply this theorem we shall need a lemma. 

Lemma 14. The following are true: 

1. q(Q e ,St) = N; 

2. q(i e ,t* e ) = \{x r : r even}\ = N/2 when e = — 1; 

3. q(i e , (0 e )i) = \{x r ■ r + d r even}\ = (N + \{i : \ odd}\)/2 when e = 1. 

Proof Since dim(g e ) = dim(g*) we have q{Q e ,Ql) = ind(g e ,g*). By [Yaklj ind(0 e) 0e) = N whence 
(1). Similarly q(t e ,K) = ind(£ e ,l*). If e = -1 then by |7aklj ind(t e ,t*) = N/2 which is equal to 
|{1 < r < N : r even}|, whence (2). Now let e = 1. By [50] 3.2(3) we have 

dim(fi e ) = -(dim(fl e ) - |{i : Aj odd}|). 

Since dim(g e )| = dim(g e )i = dimg e — dimt e we have dim(g e )J — dimfi e = \{i : Aj odd}|. By 
corollary [4] we get q(t e , (fl e )*) = ^(N + \{i : A, odd}|). We must show that this number equals 
|{1 < r < N : r + d r even}[. 

Partition the set {1, N} into disjoint subsets Zj = {1 < r < N : d r = i} where i = 1, n. It 
is clear that = Aj. By the definition of the sequence d±, d2, dj<i we have r € Xj if and only if 

i-l 

0<r-^A fc <Ai. (9) 

k=l 

If i ^ i' then = Aj is even by lemma [TJ In this case, regardless of the parity of d r there are 
exactly Aj/2 values r fulfilling ([9]) with r + d r even. Now suppose i = i! so that |2j| = Aj is odd. 
We consider two cases: i odd or i even. In the first case there must be an even number of indexes 
j with 1 < j < i and j = f, since j' G {j — 1, j, j + 1}. Thus there an even number of indexes 
1 < j < i with Aj odd by lemma [TJ We deduce that ^Zfe=i ^fc ^ s even - If r G Xj so that d r = i, then 
r + d r even implies r is odd. Thus there are exactly (Aj + l)/2 values of r fulfilling Q with r + d r 
even. Now suppose i = i! and i is even. Similar to the case i odd, there must be an odd number of 
indexes 1 < j < i with Aj odd. Thus X)l=i ^ s °dd. For r G Xj, If r + d r is even then r is even. 
Thus there are exactly (Aj + l)/2 values of r fulfilling ([9]) with r + d r even. We conclude that 

\{\<r <N :r + d r even}| = ^ A 4 /2 + ^(Aj + l)/2 = -(JV + |{i : A, odd}|). 

ij^i' i=i' 

□ 

We may now assemble our deductions and prove theorems UJ and [2 See the introduction for a 
statement of those theorems. The proofs are identical and so we shall unify notation as follows. 

1. Case 1: A = G, C = g, X = {x\, ...,xn} and W = q%\ 
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2. Case 2: A = K, C = t, X = {x r | { . : r even}, W = T e and e = -1,; 

3. Case 3: A = K, C = t, X = {x r \( Se )* ■ r + d r even}, W = (g e )J and e = 1. 

In all three cases let e € £ be a nilpotent element. We recall that it suffices to prove theorem Q] in 
the nilpotent case. 

Proof. 1. C e is a p-Lie algebra with p th power map induced my matrix multiplication. Apply 
Skryabin's theorem. Corollary Q] asserts that the polynomials X are indeed _4, e -invariant each 
case. Lemma [HI and corollary [3] together tell us q(C e ,W) = \X\ as required. Propositions [2] 
and [3] confirm that the condition on codimension of the Jacobian locus is satisfied. 

2. Use induction on the polynomial degree of / € K[M^]-^ e . If deg(/) < p then by part (1), 
/ G K[X\. Suppose deg(/) > p and that all g G lK[IU]^ e with deg(g) < deg(/) actually lie in 

By part (1) each / G lK[PU]' 4e is a sum of monomials in X with coefficients in K[IU] P , 
finitely many nonzero. Since / and all monomials in X are fixed by A e we deduce that each 
coefficient is also fixed by A e . Since (K[W]P) Ae = (K[W] A£ )p we conclude by induction that 
each coefficient is a p th power of an element of K[X]. It follows that / G K[X]. 

3. This follows quickly from parts (1) and (2) given that the K[iyf-basis of K[W] Cs consists of 
^4 e -invariants. 

□ 

Our remaining results regard the centre of the enveloping algebra. Let A be an algebraic 
group of rank I of type A or C and x G C. Since x is arbitrary we no longer have explicit 
presentations for the generators of K[>C*]^ X . Nonetheless we shall continue to denote the set of 
algebraically independent generators by X. Identify K[£*] with S(C X ), and recall that /3 denotes 
the filtration preserving isomorphism of /^.-modules from U(C X ) to S(C X ) and the associated graded 
map gr f3 : S(C X ) i— > S{C X ) is the identity (see proposition [6]). Let X = fi~ x X. We now supply a 
proof for theorem [3l 

Proof. 1. Since (3 is £ x -equivariant we have X C Z(C X ) so that 

Z P (C X )[X]QZ{L X ). (10) 

Clearly grZ p (£ x ) = S(C x )p so that S(C X ) P [X] C grZ p (£ x )[X}, however S{C x f[X] = S{£ x ) c * 
by theorem [TJ Furthermore grZ(C x ) C S(£ x ) x and we may place these inclusions together 
to obtain 

gr Z(C x )^gr Z P (C X )[X]. 

We conclude that the dimensions of the graded components of grZ p (£ x )[X] and grZ(£ x ) 
coincide, from whence it follows that inclusion (|10p is actually an equality. 

2. Let (X) denote the subalgebra of Z(C X ) generated by X. Since (3 is ^-equivariant we know 
that 

(X)CU(£ X ) A *. 

Since the graded map associated to (3 is the identity and X consists of homogeneous polyno- 
mials we have gr (X) = K[X]. However gr U(C X ) A * = gr /3(gr U(£ X ) A *) = gr j3{U{C x ) Ax ) = 
gr f3{U{C x )) Ax = gr S{C x ) Ax = gr K[X] = K[X], from whence the above inclusion is an 
equality. 
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3. This follows quickly from parts (1) and (2) given that the Z p (C x )-basis of Z(C X ) consists of 
^4 x -invariants. 

□ 

As an immediate consequence of the above theorem we are able to confirm the KW1 conjecture 
for centralisers in types A and C. We retain the notations of the previous proof. Recall that M(£ x ) 
denotes the maximal dimension of simple C x modules and that char(HC) > 2 when A is of type C. 

Corollary 5. If C is of type A or C and x G C then the KW1 conjecture holds for C x : 

dim(£:c)— ind(£:c) 

M(C X ) =p a . 

We supply two proofs for the above corollary. The first of these is more general and applies to 
centralisers in types A and C whilst the second is more representation theoretic and gives some 
indication of how modules of dimensions M{C X ) might be constructed, however this second proof 
only applies only in the case x nilpotent with C of type A. Both proofs follow from theorem El 

Proof. Let F and F p denote the fields of fractions of Z(C X ) and Z p {C x ) respectively. We identify 
F p with a subfield of F. Let Frac([/(£ x )) = U(C X ) ®z p (Cx) Fp be the localisation of U(C X ) at 
Z P (C X ). It is a classical result due to Zassenhaus that M(C X ) 2 = dirnp Ft&c(U(£ x )) [Zasj . theorems 
1 & 6. On the other hand dimp p Fr&c(U(£ x )) = p dmi (£*) since U(£ x ) is free of rank p dim (£*) OV er 
Zp(£ x ). Combining these statements we obtain p dim <A) = M(C X ) 2 dim Fp F. We conclude that 
diinp p F = p r for some r and that 

M(C X ) =p^ dim{Cx) - r) . 

Therefore the KW1 conjecture is equivalent to the statement r = ind(£ x ). Let F' = F p [X] = 
Z(C X ) ®z (C x ) Fp- Clearly F' C F. We claim that this inclusion is actually an equality. It will 
suffice to prove that every element of F can be written in the form f /g where / G Z(C X ) and 
g E Z P {C X ). Part 1 of theorem [3] tells us that Z(C X ) is a finitely generated Z p (C x )-module, hence 
F is integral over Z p {C x ). Suppose f j g G F. We have a n g n + a n -ig ll ~ l + ■ ■ ■ + do = for certain 
coefficients en G Z p (C x ) with ao ^ 0. We conclude that 

/ = /(a w ff"- 1 +a w -ig"- 2 + --- + ai) = /Kg"" 1 + Qn-iff"' 2 + ; • • + gi) g pl 
9 9{ a ng n ~ l + a n -ig n ~ 2 H hai) -ao 

Therefore F = F' . As a consequence the monomials Ilzgx zkz W1 ^h < k z < p form a basis 
for F over F p so dim.F p (F) = p l . Therefore r = I. Finally, by [Yakl] I = ind^^) and the claim 
follows. □ 

Before we record a second proof of the corollary we must first recall the rudiments of reduced 
enveloping algebras. If W is a simple £ x -module then Schur's lemma asserts that Z(C X ) acts upon 
W by scalars. In particular, Z p (C x ) acts by scalars. The semilinearity of the p th -power map v h-> 
implies that for each such module W there exists \ G C* fulfilling (v p — v^)w = x( v Y w f° r an 
v G C x ,w G W. We call x the p-character of W and define the reduced enveloping algebra 

U X {C X ) = U(C X )/I X 

where I x denotes the (left and right) ideal of U (C x ) generated by expressions of the form v p — — 
x(v) p with v G C x . Every simple /^-module with p-character x is canonically a simple U X {C X )- 
module and vice versa. We must remind the reader that the following proof applies only to the 
case x nilpotent and A = GL(V). As such we shall retain the notations of the introduction. 
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Proof. Define 

Q = {x € 0e : dim(W) = M(g e ) for all simple C/ x (g e )-modules W} 

Let x € 0e- Every automorphism r of e induces a vector space isomorphism g* 1-4 0g, via 
r (x( v )) = x( T ~ lv )-> an d an isomorphism of reduced enveloping algebras 

U x (g e ) ^ U T ( x )(Q e ) 

Hence £1 is G e -stable. In [PS], proposition 4.2 (1), it was shown that Q is a non-empty Zariski open 
subset of g*. By theorem [6] there exists a nonempty open subset OCg* such that the e -stabalisers 
of points in O are G e -conjug ate to h = {Ci s : < s < AJ. Since f) is abelian the stabalisers 
of points in f)* include f). 

Hence we can find x 6 ^ H ()*, ie. a linear function vanishing on (n - )* and (n + )* with the 
additional property that every irreducible i7 x (0 e )-module has dimension M(g e ). Identify x with its 
restriction to f)*. The decomposition of g e and qI induces a decomposition of enveloping algebras 

U x ( 5e ) = U (xT) ® U x $) © f/ (n + ) 

Let W be a simple ?7 x (0 e )-module so that dim(iy) = M(g e ). By Engel's theorem n + has a common 
eigenvector in W of eigenvalue and f) acts diagonally on W n+ 7^ 0. We can find a 1-dimensional 
U x {\)) © t r o(n + )-module IKtu^ C W n+ where hw^ = ^i(h)w^ for all h el). 

The induced module Indf e +n+ (Kw^) = U x (Q e ) ®u x (t))®U (n+) nas dimension dim([/o(n~)) = 
p dlTa ( n ). We have dim(n~) = dim(n + ) and dim(fj) = N = ind(0 e ) by [Yaklj . theorem 1. From 
e = n~ © f) © n + we obtain dim(0 e ) = 2dim(n~) + ind(g e ). Therefore 

dim(Indj^ n+ (Ku; /i )) = ^(dim( B e)-ind(fl e )) _ 

By standard theory of induced modules W is a homomorphic image of Indjh ^(Ku;^) so the di- 
mension of the former is bounded above by that of the latter. According to theorem 5.4(2) of [PS^ 
it is possible to choose x so that all finite dimensional C/ x (0 e )-modules have dimension divisible by 
p i(dim(fl e )-ind(0e))_ This ensures that W = frd* (Ku;,,), and that M( 0e ) = p|(dim( fle )-md(fle))_ n 

Remark 3. Although our second proof is much less general it does have the virtue of implying that 
the Verma modules for Q e are generically simple. 

7.2 The Zassenhaus Variety 

Retain the notations of theorem[3j In this final section we bring together some related results to offer 
an algebraic characterisation of the singular points on the Zassenhaus variety Z = SpecmZ(£ x .). 

Theorem 8. If C is a simple Lie algebra of type A or C over K and x € C then m is a smooth 
point of Z if and only if U (C x ) /mU (C x ) = Mat m(C x ) 0^) ■ 

Proof. Recall that the singular locus (£*) S i ng is defined to be the set of all x G £* x such that 
dim((£ x ) x ) > md(C x ). By [PPYJ theorems 3.4 <fe 3.11, codim£* (£*) sing > 2 provided x is nilpotent. 
We should note that the characteristic zero assumption is never used throughout those deductions. 
If x = n + s is the Jordan decomposition of x into its nilpotent and semisimple parts then C x = 
{C s ) n . It is well known that C s is reductive with simple components of types A and C. Write 
C s = C\ © • • • Ck ®i{C s ) where the £3 denote the simple components of C s and $(£ s ) denotes the 
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centre and write n = n\ H V n k with rii <E Q. If x = Xi H l~ Xfc + Xccn G with Xi G (A)^ 

and x C en € 3(£ s )* then \ £ (£z)sing if and only if Xi £ ((£i) ni )sing for some i. We conclude that 
codini£* (£*) s i ng > 2 for all x £ C. For a non-negative integer m we let X m denote the set of all 
X £ £* such that U X (C X ) has a module of finite dimension not divisible by p m . According to |PSj 
proposition 5.2, dim(X M (£ x }) < dim(£* ing ), from whence we deduce that coding* {Xm{c x )) ^ 2. 
By [Zasj theorems 5 and 6, we may infer that there is a closed subset CC2 such that 

Z\C = {m£Z: U(C x )/m M a t M{Cx) (K)}. 

The above open set is known as the Azumaya locus of Z. We claim that codinigC > 2. The 
inclusion Z p (j£ x ) i— > Z{C X ) induces as finite morphism of maximal spectra Z i— > SpecmZ p (C x ) and 
by identifying SpecmZ p (£ x ) and C* we obtain a map r : SpecmZ(C x ) h-» £*. Explicitly, m i->- x 
where x is the linear functional such that mPi Z p (£ x ) = m x . This map is closed and has finite fibres 
so codirmgC = codini£.T(C). If x G t(C) then U X (C X ) has a module of dimension less than M(C X ) 
so that x ^ Xm(Cx)' W e conclude that 

codim^C = codim£jr(C) > codim^* Xm(C x ) — 2. 

Denote by Z m and C/ m the localisation of Z(C X ) and U(C X ) respectively at m £ 2 and suppose 
m € C Certainly t/ m is a finite module over Z m . Furthermore the unique maximal ideal of Z m 
is mZ m and U m /mU m = U(C x )/mU(C x ) is a matrix algebra over its centre Z/mZ = IK. By |DI| 
theorem 7.1, U m is a separable algebra over its centre Z m (ie. U m is an Azumaya algebra) for all 
m € C. Combining these deductions with |BG| 2.2, 2.3, we have satisfied the assumptions of [BG 
theorem 3.8. □ 



8 Two Counterexamples in Orthogonal Algebras 

It is natural to ask how the methods used in current article might be adapted to centralisers in types 
B and D. In this section we offer two counterexamples to theorem [1] for these algebras. We recall 
that in type C the algebra S(i e ) Ke is freely generated by the restrictions {x2r|t* : 1 < 2r < A^}. By 
contrast we shall show that when t is of type B or D: 

1. The restrictions {x2r|{* : 1 < 2r < N} are not guaranteed to be algebraically independent; 

2. The restrictions {x2r|{* : 1 < 2r < N} do not always generate the algebra S{t e ) Ke . 
Example 1. Let 

A = (2,2, ). 

n—2 times 

Then K = SO n+ 2, e(A) 6 t = 50 n+ 2 and Ad(K)e is known as the minimal nilpotent orbit. An 
elementary calculation, making use of lemma [3 will confirm that 

i Afi 
32 1*; =&' 

Xiki = (Cl ) 

so that the restrictions {x2 r \t* : 1 < 2r < N} are not algebraically independent. 

In §4.4 of [PPY] the restrictions X2r|{* are considered when e = 1. In the parlance of that paper 
they show that the invariants X2 r \t* with r even are good for e under certain conditions (cf. lemmas 
4.5 and 4.6 of [PPY] ). This is a necessary (but not sufficient) condition for the application of their 



24 



method to show that S(t e ) e is freely generated by those invariants. Here we make the observation 
that certain of these good systems do not generate the entire invariant algebra. Suppose is odd 
for 1 < k < i, that Aj 7^ Aj+i and that i is even. Then certainly r = YTk=i ^fc * s even - Furthermore, 
x r \i* may be identified (on a symbolic level) with the i th and final elementary invariant in S{t') K 
where K' is an orthogonal group of type D with standard representation of dimension i, and 
¥ = Lie(K'). It is well known that that this invariant is equal to the square of another invariant 
P, known as the Pfaffian. We deduce that x r |t* = P? f° r some Pr € S(t e ) e . This observation 
implies that for certain e there are some invariants not generated by the restrictions x r |t* with r 
even. Let us take a concrete example. 

Example 2. Let A = (Ai, A2, X n ), where Ai and A2 are both odd and A2 7^ A3. The invariants 
{x r : 1 < r < Ai} are simply powers of e, whilst 

I //-2,0\2 
x Xi+X 2 \t* - Ul J 

so that the restrictions {x2 r \t* : 1 < 2r < N} do not generate the algebra S(t e ) e . 

According to theorem 4 of \Yak^ the invariant P\ 1+ \ 2 = and the set {e r |t* : r > 0} together 
span the centre of t e . Furthermore, nilpotent elements of this type are the only such elements for 
which the centre of t e properly includes {e r |j* : r > 0}. 
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